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s-domain z-domain equivalent for a rectangular DAC waveform 
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% H = synthesizeNTF(3,8,0,3.037855262,0); 
% H = synthesizeChebyshevNTF(3,8,0,2.83321215,0); 
% H = synthesizeChebyshevNTF(3,8,0,4,0); 
% [num1,den1]=tfdata(H,'v'); 
  
num1=[1    -3     3    -1]; 






















fc1 = 1; 
fc2 = 1; 
fc3 = 1+a*(1-2*m); 
fc4 = 1+a*(2-2*m); 
fc5 = a*b*(2*m^2-m-(1/6))  +b*(1-2*m)+1; 
fc6 = a*b*(2*m^2-3*m+(5/6))+b*(2-2*m)+1; 
fc7 = a*b*c*(-(2/3)*m^3+(1/2)*m^2+(1/6)*m)+b*c*(m^2-m)+c*(1-m); 
fc8 = a*b*c*(-(2/3)*m^3+(3/2)*m^2-(5/6)*m)+b*c*(m^2-2*m+1)+c*(1-m); 
fc9 = a*b*c*(-(2/3)*m^3+(3/2)*m^2-(5/6)*m)+b*c*(m^2-2*m+1)+c*(1-m); 
fc10= a*b*c*(-(2/3)*m^3+(5/2)*m^2-(17/6)*m+1)+b*c*(m^2-3*m+2)+c*(1-m); 
  





    td=0; % used in the delay block inside the simulink file 
else      






     
[out,OUT] = myFFT(out,hann(2*N+1)',2*N+1,16,2*N); 
snr    = calculateSNR1(OUT(3:2*Nb+1)')  
q=dbv(OUT); 
q=q-q(Ni+1); 




legend('CTTI DS with ELD compensation') %,'my method DT','my method CT 1','my 







function [x,X] = myFFT(x,Window,N,nlev,nfft) 
if length(x)>N, 
x      = x(end-N+1:end); 
end 
X      = fft(x.*Window',nfft)/(N*(nlev/2)/4); 
0000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000
% A 16-level quantizer with 15 comparators 
 





%inserting random offset 
o2=zeros(1,15); 
  
% Digitize input 
if       vi>= +7*LSB+o2(15)                        , y=+7;   
elseif   vi>= +6*LSB+o2(14) &  vi<  +7*LSB+o2(15)  , y=+6;   
elseif   vi>= +5*LSB+o2(13) &  vi<  +6*LSB+o2(14)  , y=+5;   
elseif   vi>= +4*LSB+o2(12) &  vi<  +5*LSB+o2(13)  , y=+4;   
elseif   vi>= +3*LSB+o2(11) &  vi<  +4*LSB+o2(12)  , y=+3;   
elseif   vi>= +2*LSB+o2(10) &  vi<  +3*LSB+o2(11)  , y=+2;   
elseif   vi>= +1*LSB+o2(9)  &  vi<  +2*LSB+o2(10)  , y=+1;   
elseif   vi>=  0*LSB+o2(8)  &  vi<  +1*LSB+o2(9)   , y= 0;   
elseif   vi>= -1*LSB+o2(7)  &  vi<   0*LSB+o2(8)   , y=-1;   
elseif   vi>= -2*LSB+o2(6)  &  vi<  -1*LSB+o2(7)   , y=-2;   
elseif   vi>= -3*LSB+o2(5)  &  vi<  -2*LSB+o2(6)   , y=-3;   
 125
elseif   vi>= -4*LSB+o2(4)  &  vi<  -3*LSB+o2(5)   , y=-4;   
elseif   vi>= -5*LSB+o2(3)  &  vi<  -4*LSB+o2(4)   , y=-5;   
elseif   vi>= -6*LSB+o2(2)  &  vi<  -5*LSB+o2(3)   , y=-6;   
elseif   vi>= -7*LSB+o2(1)  &  vi<  -6*LSB+o2(2)   , y=-7;   
else     y=-8; 




% A 32-level quantizer with 31 comparators 
 





%inserting random offset 
o1=zeros(1,31); 
  
% Digitize input 
if       vi>= +15*LSB+o1(31)                        , y=+15;   
elseif   vi>= +14*LSB+o1(30) &  vi< +15*LSB+o1(31)  , y=+14;   
elseif   vi>= +13*LSB+o1(29) &  vi< +14*LSB+o1(30)  , y=+13;   
elseif   vi>= +12*LSB+o1(28) &  vi< +13*LSB+o1(29)  , y=+12;   
elseif   vi>= +11*LSB+o1(27) &  vi< +12*LSB+o1(28)  , y=+11;   
elseif   vi>= +10*LSB+o1(26) &  vi< +11*LSB+o1(27)  , y=+10;   
elseif   vi>= +9 *LSB+o1(25) &  vi< +10*LSB+o1(26)  , y=+9;   
elseif   vi>= +8 *LSB+o1(24) &  vi< +9 *LSB+o1(25)  , y=+8;   
elseif   vi>= +7 *LSB+o1(23) &  vi< +8 *LSB+o1(24)  , y=+7;   
elseif   vi>= +6 *LSB+o1(22) &  vi< +7 *LSB+o1(23)  , y=+6;   
elseif   vi>= +5 *LSB+o1(21) &  vi< +6 *LSB+o1(22)  , y=+5;   
elseif   vi>= +4 *LSB+o1(20) &  vi< +5 *LSB+o1(21)  , y=+4;   
elseif   vi>= +3 *LSB+o1(19) &  vi< +4 *LSB+o1(20)  , y=+3;   
elseif   vi>= +2 *LSB+o1(18) &  vi< +3 *LSB+o1(19)  , y=+2;   
elseif   vi>= +1 *LSB+o1(17) &  vi< +2 *LSB+o1(18)  , y=+1;   
elseif   vi>=  0 *LSB+o1(16) &  vi< +1 *LSB+o1(17)  , y= 0;   
elseif   vi>= -1 *LSB+o1(15) &  vi<  0 *LSB+o1(16)  , y=-1;   
elseif   vi>= -2 *LSB+o1(14) &  vi< -1 *LSB+o1(15)  , y=-2;   
elseif   vi>= -3 *LSB+o1(13) &  vi< -2 *LSB+o1(14)  , y=-3;   
elseif   vi>= -4 *LSB+o1(12) &  vi< -3 *LSB+o1(13)  , y=-4;   
elseif   vi>= -5 *LSB+o1(11) &  vi< -4 *LSB+o1(12)  , y=-5;   
elseif   vi>= -6 *LSB+o1(10) &  vi< -5 *LSB+o1(11)  , y=-6;   
elseif   vi>= -7 *LSB+o1(9)  &  vi< -6 *LSB+o1(10)  , y=-7;   
elseif   vi>= -8 *LSB+o1(8)  &  vi< -7 *LSB+o1(9)   , y=-8;   
elseif   vi>= -9 *LSB+o1(7)  &  vi< -8 *LSB+o1(8)   , y=-9;   
elseif   vi>= -10*LSB+o1(6)  &  vi< -9 *LSB+o1(7)   , y=-10;   
elseif   vi>= -11*LSB+o1(5)  &  vi< -10*LSB+o1(6)   , y=-11;   
elseif   vi>= -12*LSB+o1(4)  &  vi< -11*LSB+o1(5)   , y=-12;   
elseif   vi>= -13*LSB+o1(3)  &  vi< -12*LSB+o1(4)   , y=-13;   
elseif   vi>= -14*LSB+o1(2)  &  vi< -13*LSB+o1(3)   , y=-14;   
elseif   vi>= -15*LSB+o1(1)  &  vi< -14*LSB+o1(2)   , y=-15;   
else     y=-16; 





% A 16-level dac 
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Design of a Delayless Feedback Path Free 2nd-order Two-Path 
Time-Interleaved Discrete-Time Delta-Sigma Modulator- a New 
Approach  
 
Jafar Talebzadeh and Izzet Kale 
Applied DSP & VLSI Research Group  
Department of Engineering 
University of Westminster London, W1W 6UW, UK 
Emails: Jtalebzadeh@gmail.com & kalei@westminster.ac.uk 
 
Abstract—this paper presents the design procedure for a 
2nd_order two-path Discrete-Time Time-Interleaved (DTTI)  
modulator from a conventional single-loop 2nd-order Discrete-
Time (DT)  modulator through the use of time domain 
equations and time-interleaving concepts [1]. The resulting 
modulator is free from the delayless feedback path and has only 
one set of integrators. The delayless feedback path issue in Time-
Interleaved (TI)  modulators is a critical restriction for the 
implementation of TI  modulators and is effectively eliminated 
through the use of the approach proposed in this paper. The 
DTTI  modulator requires only three op-amps and two 
quantizers both of which work concurrently, in comparison to 
the single-loop DT counterpart that also deploys two op-amps. 
For an OverSampling Ratio (OSR) of 16 and a clock frequency of 
640MHz, our simulation results show a maximum Signal-to-Noise 
Ratio (SNR) for the DTTI  modulator to be 70.5dB with an 
input bandwidth of 20MHz which has 15dB improvement in 
comparison to its single-loop, single-path DT counterpart.    
Keywords— Time-Interleaved,  modulator, Signal-to-Noise 
Ratio. 
I. INTRODUCTION 
Recent trends in the portable communication industry 
demand both high resolution and low power Analog-to-Digital 
Converters (ADCs). These requirements can be met by 
utilizing  modulators which perform analog-to-digital 
conversion for relatively low bandwidth signals. Both the OSR 
and the technology restrict the deployable signal bandwidth of 
 modulators. 
Recently wideband applications require the ADCs with 
larger signal bandwidth. In order to increase the signal 
bandwidth the modulator can deal with, a variety of methods 
can be used such as: using higher sampling frequency, 
increasing the order of the modulator and the number of 
quantizer bits. However, each of them has a price and is 
restricted by technology deployed. Using above mentioned 
methods to increase OSR make the design of the modulator 
more complicated and may cause stability problem which 
require to be dealt with carefully. 
One efficient and attractive way to increase the OSR, is to 
consider the time-interleaving approach through which 
parallelism can be incorporated in ADCs in order to increase 
the effective sampling rate [1]-[8]. This approach is a practical 
solution that does not necessitate state of art technologies.  
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However, using straightforward time-interleaving technique for 
 modulators results in a bit improvement in SNR 
performance of the whole modulator. As shown in [1] and [2], 
the time-interleaving can be successfully applied to  
modulators. A TI  modulator deploys M identical cross-
coupled modulators working concurrently and each running at 
a sampling rate of . The effective sampling rate is the same as 
a single-loop  modulator which operates at a sampling 
frequency of .  
One set of integrators is shared between two paths in order 
to save power dissipation, silicon area and to eliminate the 
instability arising from DC offset mismatch between indivisual 
integrator sets. 
     This paper is organized as follows. In section II, a 2nd-order 
two-path Discrete-Time Time-Interleaved (DTTI)  
modulator is derived from a 2nd-order conventional DT  
modulator by deploying the time domain equations. In section 
III, the delayless feedback path problem is discussed and our 
proposed solution is presented in detail in this section. In 
section IV, MATLAB simulation results are presented. 













Figure 1: A 2nd-order conventional single-loop DT  modulator. 
 
II. DERIVATION OF TIME-INTERLEAVED  
MODULATOR 
 
     In order to derive a 2nd-order two-path Discrete-Time 
Time-Interleaved (DTTI)  modulator, the time-interleaving 
concept and the time domain equations of its conventional 
single-loop 2nd-order DT  modulator counterpart as shown 
in Figure 1, are used [1]. The feedback loop of the DAC is 
assumed ideal and has unity transfer function (	  ). 
The time-domain equations defining the conventional single-
loop 2nd-order DT  modulator can be cast in the following 
way: 

	  	   	    	 (1) 

	  	  	    	 (2) 
































Figure 2: A two-path 2nd-order DTTI  modulator with shared integrators and delayless feedback path highlighted. 
 
Where  represents the quantization function. 
     In order to derive the DTTI  modulator, the time 
domain equations of the single-loop 2nd –order DT  
modulator are written for two consecutive time slots and are 
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A fast demultiplexer is used to distribute the input signal 
	 between the two paths/channels. The demultiplexer 
operates at twice the clock frequency of each channel [1]. 




  	 (10) 
 
Similarly, the other nodes of the modulator are relabelled: 
 
	  
	 	  
  	 (11) 
	  
	 	  
  	 (12) 
	   
	 	   
  	 (13) 
 
To save power consumption and silicon area the input 
demultiplexer is removed and the input signal 	 is 
shared between two channels. Therefore equation (10) 
results in (14) as follows: 
 
	  	  	 (14) 
 
The resulting equations are written as equations (15), (16), 
(17), (18) and (19) and the DTTI  modulator shown in 
Figure 2 is derived directly from these equations [1]: 
 
	  
  	    	    	  
 	 
(15) 
	    	  
  	    	  
  	  	    	 
(16) 
	  	  	  	 (17) 
	  	 (18) 
	  	 (19) 
 
     The dc offset mismatch of the two individual integrators 
set between channels in the DTTI  modulator can cause 
instability which can be eliminated by sharing one set of 
integrators between the two channels [2]. A fast input 
demultiplexer which is a limiting factor for the performance 
of the DTTI  modulators is necessary. However this input 
demultiplexer can be removed and the input signal simply 
shared between the two channels [5][6][10]. The Signal 
Transfer Function (STF) of the DTTI  modulator exhibits 
some notches in its response at the following frequencies 
 !"   !"  
 !"  # !" $ where  !" is the clock 
frequency of the DTTI  modulator resulting from the 
removal of the input demultiplexer. This modification and 
has no effect on the modulator’s Noise Transfer Function 
(NTF) [5][6][10]. 
 
III. DELAYLESS FEEDBACK PATH ISSUE  
 
     The “delayless feedback path” problem makes the 
implementation of multi-path TI  modulator impractical 
[4]. We have developed a new approach to circumvent this 
problem effectively with reduced complexity and the focus 
of this paper is on this approach. The root of the problem 
stems from equation (17) where 	(the input of the 
quantizer Q1) is coupled directly to	, dictating that the 
second quantizer (Q2) output has to connect to the input of 
quantizer (Q1) without any delay! We propose an approach 
based on an error correction technique to 
circumvent/eliminate this delayless feedback path. This is 
achieved by intentionally inducing an analog domain error 
by using the output of DAC2 as shown in Figure 3. The 
error is subsequently corrected to a great extent in the digital 
domain thereby circumventing/eliminating the delayless 
feedback path. A step by step mathematical analysis of the 
approach is exposed in the following lines to aid 
understanding. Furthermore a detailed event sequence 
diagram with the associated DAC outputs and the delay 
from the outputs of quantizers Q1 and Q2 that propagates 
through to the outputs of DAC1 and DAC2 as% are shown 
in Figure 4. As a direct consequence it is clearly seen that 



































Figure 3: The proposed delayless feedback path free 2nd-order two-path DTTI  modulator with shared integrators. 
 
  	. However theory and the equations require that 
we should have	. We can creatively overcome this 
problem by looking at the input and output of Q1, as 
depicted in Figure 2. The signal 	 is quantized through 
Q1 as follows: 
 
	  	 (20) 
 
By substituting (17) into (20) we arrive at equation (21): 
 
	  	  	  	 (21) 
 
Equation (21) is rewritten by using the output of DAC2 in 
(22): 
 
	  '	    	  	  




We label the output of Q1 as&	 in (23):  
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
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Figure 4: Sequence of events for the outputs of the quantizers and 
DACs for the DTTI. 
 
Equation (23) illustrates &	 (the output of Q1) which 
contains the error depicted in equation (24) and as 
mentioned earlier needs to be corrected before applying it to 
the input of DAC1. The correction is performed in the 
digital domain by a first order differencer block  -) as 
stipulated in (25). The first order differencer block only 
corrects the error in equation (23). It has no effect on targets 
and the signal or the quantization noise of our proposed 2nd-
order two-path DTTI  modulator which has shared 
integrators as shown in Figure 3. If the simple correction 
approach proposed above is not utilised the uncorrected 
error causes instability changing the modulator dynamics 
and increasing its order. 
 
IV. SIMULATION RESULTS  
 
     A conventional single-loop 2nd-order single-path DT  
modulator with an OSR of 8 has been designed to operate 
with a clock frequency of 320MHz and a signal bandwidth 
of 20MHz and was modelled and simulated using 
SIMULINK.  The modulator coefficients were chosen 
through the use of the sigma-delta toolbox [11] to be 
  and  
. The resulting 2nd-order two-path DTTI 
 modulator has the same coefficients as the DT single-
path, single-loop  modulator as illustrated in Figure 3 
with an OSR of 16 which operates from a clock frequency 
of 640MHz with a signal bandwidth of 20MHz. The single-
loop, single-path 2nd order DT  modulator DAC requires 
4 bit resolution and as a consequence 15 comparators are 
chosen. The quantizer Q2 in DTTI  modulator has 15 
levels; however, the quantizer Q1 needs to have 31 levels 
due to the increase in the signal swing at the input of this 
quantizer. Therefore it will not lead to any SNR loss. After 
correcting the error as dictated by equation (13) in the 
digital domain, 	 will also need to be 4 bits in length. 
     The STF and NTF of the single-loop, single-path DT  
modulator of Figure 1 can be formulated as follows: 
 
,	  43	5	  63	7	 (26) 
43	  - (27) 
63	    -	 (28) 
 
Where 5	 and 7	 represents the z-transform of the 
input signal and quantization noise of the quantizer 
respectively. The STF and NTFs of the DTTI  modulator 







,	  43	5	  63	7	  63	7	 (30) 
43	  -  -	 (31) 
63	  
-  -	 (32) 





Where 43	 63	 and 63	 represent the signal 
transfer function from 1	to	, the noise transfer 
function from (	 (quantization noise of Q1) to 	 and 
the noise transfer function from (	 (quantization noise of 
Q2) to 	 respectively. The terms in  in (21) show the 
effect of the up-samplers in the modulator. The  term in 
  -	 from the 43	 of the DTTI  modulator 
shows the effect of removing the input demultiplexer of the 
DTTI  modulator causing some notches in the STF as 
explained earlier on in the paper and as described in 
[5][6][10]. Figure 5 shows the NTFs of the DT and the 
DTTI  modulator. As can be seen, NTF of the DTTI  
modulator shape the quantization noise more than the NTF 














Figure 5: The NTFs of the DT and the DTTI  modulator. 
 
 
     Figure 6 shows the comparison of the output spectra of 
the single-loop, single-path DT and the two-path DTTI  
modulators. As can be seen the two-path DTTI  
modulator output spectrum has more in-band noise shaping 
than its single-loop, single-path DT counterpart. The SNRs 
of the DT and the DTTI  modulators for a single tone 
(sine) input signal having a frequency of 4.892MHz and an 
amplitude of -2dBFS with clock frequencies of 320MHz 
and 640MHz are 55.5dB and 70.5dB respectively. Therefore 
in this particular case, the SNR of the DTTI  modulator 
shows a 15dB improvement in comparison to the DT one 
alone.  
 
V. CONCLUSION  
 
     The design of a 2nd-order single-loop two-path DTTI  
modulator free from the delayless feedback path problem 
that can be extended to any-order multi-path DTTI  
modulator has been shown in this paper. The simulation 
results illustrate that the resulting DTTI  modulator 
having an OSR of 16 and a clock frequency of 640MHz 
with a 20MHz signal bandwidth attains a maximum SNR of 
70.5dB. This result suggests that the SNR is improved by 
15dB in comparison to the maximum SNR of the 





Figure 6: The output spectra of the conventional DT and the DTTI 
 modulator for a 4.892MHz input sine signal with clock 
frequencies of 320MHz and 640MHz respectively. 
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Abstract, this paper presents the design and simulation of a 
3rd-order two-path Discrete-Time Time-Interleaved (DTTI) ΔΣ 
modulator. By exploiting the concept of the time-interleaving 
techniques and time domain equations, a conventional 3rd-order 
Discrete-Time (DT) ΔΣ modulator is converted to a 
corresponding 3rd-order two-path DTTI counterpart. For the 
sake of saving power and silicon area, the integrators between the 
two paths of the DTTI ΔΣ modulator are shared. Using one set of 
integrators makes the DTTI ΔΣ modulator robust to path 
mismatch effects compared to the typical DTTI ΔΣ modulator 
which has individual integrators in all paths. A problem arises 
out of sharing integrators between paths which we call the 
delayless feedback problem. A solution for this problem is 
proposed in this paper and for an OverSampling Ratio (OSR) of 
16 and a clock frequency of 320MHz, a maximum SNR of 76.5dB 
is obtained. 
 
     Keywords: Discrete-Time, Time-Interleaved, ΔΣ modulator, 




     The ΔΣ modulators can achieve a very high resolution 
analog-to-digital conversion for low bandwidth applications 
by using oversampling and noise shaping techniques[1]. 
Recently, wideband applications require the ADCs with higher 
signal bandwidth. In order to increase the signal bandwidth of 
the modulator, a variety of methods can be used such as: using 
higher sampling frequency, increasing the order of the 
modulator and the number of quantizer bits.However, each of 
them has a price and is limited by technology [2]. 
     One efficient appoach to increase the signal bandwidth is to 
use the time-interleaving technique [3] which increases the 
effective sampling frequency by paralleling more channels. 
This method is discussed in the next section. 
 
II. TIME-INTERLEAVED (TI) ΔΣ MODULATORS 
 
     The well known procedure for the design of a ΔΣ 
modulator is based on choosing: the order and architecture of 
the ΔΣ modulator, the OSR and the number of bits for the 
quantizer. The time-interleaving technique can be successfully 
applied to ΔΣ modulators. However, the performance of the 
whole modulator is degraded due to channel mismatches. By  
paralleling M interconnected modulators that are working 
concurrently, the effective sampling rate and the OSR 
becomes M times the clock rate and the OSR of each 
modulator respectively [4],[5]. It should be noted that the 
required resolution can be obtained without increasing the 
order of the modulator or the number of bits for the quantizer 
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Figure 1: A 3rd-order conventional single-loop DT ΔΣ modulator. 
 
 
A. DERIVATION OF THE TI ΔΣ MODULATOR 
 
     The 3rd-order DTTI ΔΣ modulator is derived directly from 
the time domain node equations of its conventional DT ΔΣ 
modulator as shown in Figure 1. It is assumed that the DAC in 
the feedback loop is ideal (ܪ஽஺஼(ݖ) = 1). The time domain 
equations of the modulator are written for two consecutive 
time slots as (2n)th and (2n+1)th as follows [6]: 
 
ݒଵ(2݊) = ܽݔ(2݊ − 1) − ܽݕ(2݊ − 1) + ݒଵ(2݊ − 1) (1.a) 
ݒଶ(2݊) = ܾݒଵ(2݊ − 1) − ܾݕ(2݊ − 1) + ݒଶ(2݊ − 1) (1.b) 
ݒଷ(2݊) = ܿݒଶ(2݊ − 1) − ܿݕ(2݊ − 1) + ݒଷ(2݊ − 1) (1.c) 




ݒଵ(2݊ + 1) = ܽݔ(2݊) − ܽݕ(2݊) + ݒଵ(2݊) (2.a)
ݒଶ(2݊ + 1) = ܾݒଵ(2݊) − ܾݕ(2݊) + ݒଶ(2݊) (2.b)
ݒଷ(2݊ + 1) = ܿݒଶ(2݊) − ܿݕ(2݊) + ݒଷ(2݊) (2.c)
ݕ(2݊ + 1) = ܳ[ݒଷ(2݊ + 1)] (2.d)
 
where ܳ[. ] represents the quantization function. The input 
ݔ(݊) is distributed between two channels through an input 
multiplexer which operates at twice the clock frequency of 
each channel. The input ݔ(݊) is relabelled as follows: 
 
ݔଵ(݊) = ݔ(2݊), ݔଶ(݊) = ݔ(2݊ − 1) (3) 
 

























Figure 2: A 3rd-order DTTI ΔΣ modulator with shared integrators and delayless feedback path. 
 
Similarly, the other nodes of the modulator are relabelled: 
 
ݒଵଵ(݊) = ݒଵ(2݊), ݒଵଶ(݊) = ݒଵ(2݊ − 1) (4.a) 
ݒଶଵ(݊) = ݒଶ(2݊), ݒଶଶ(݊) = ݒଶ(2݊ − 1) (4.b)
ݒଷଵ(݊) = ݒଷ(2݊), ݒଷଶ(݊) = ݒଷ(2݊ − 1) (4.c)
ݕଵ(݊) 		= ݕ(2݊), ݕଶ(݊) 		= ݕ(2݊ − 1) (4.d)
 
By sharing only one set of integrators, the input demultiplexer 
is removed and the input ݔ(݊) is shared between channels. 
Hence equation (3) results in (5) as follows: 
 
ݔଵ(݊) = ݔଶ(݊) = ݔ(݊) (5) 
 
Equation sets (6) and (7) are derived by substituting equation 
set (4) and equation (5) into equation sets (1) and (2) 
respectively as follows: 
 
ݒଵଵ(݊) = ܽݔ(݊) 				− ܽݕଶ(݊) + ݒଵଶ(݊) (6.a) 
ݒଶଵ(݊) = ܾݒଵଶ(݊) − ܾݕଶ(݊) + ݒଶଶ(݊) (6.b) 
ݒଷଵ(݊) = ܿݒଶଶ(݊) − ܿݕଶ(݊) + ݒଷଶ(݊) (6.c) 




ݒଵଶ(݊ + 1) = ܽݔ(݊) 				− ܽݕଵ(݊) + ݒଵଵ(݊) (7.a) 
ݒଶଶ(݊ + 1) = ܾݒଵଵ(݊) − ܾݕଵ(݊) + ݒଶଵ(݊) (7.b) 
ݒଷଶ(݊ + 1) = ܿݒଶଵ(݊) − ܿݕଵ(݊) + ݒଷଵ(݊) (7.c) 
ݕଶ(݊ + 1) = ܳ[ݒଷଶ(݊ + 1)] (7.d) 
 
Equation set (7) can be rewritten as equation set (8): 
 
ݒଵଶ(݊) = ܽݔ(݊ − 1) 				− ܽݕଵ(݊ − 1) + ݒଵଵ(݊ − 1) (8.a) 
ݒଶଶ(݊) = ܾݒଵଵ(݊ − 1) − ܾݕଵ(݊ − 1) + ݒଶଵ(݊ − 1) (8.b) 
ݒଷଶ(݊) = ܿݒଶଵ(݊ − 1) − ܿݕଵ(݊ − 1) + ݒଷଵ(݊ − 1) (8.c) 
ݕଶ(݊) = ܳ[ݒଷଶ(݊)] (8.d) 
 
Equation set (9) is derived by further substituting equation set 
(6) into equation set (8). 
 
ݒଵଶ(݊) = 2ܽݔ(݊ − 1) − ܽݕଵ(݊ − 1) − ܽݕଶ(݊ − 1) + 
ݒଵଶ(݊ − 1) 
 
(9.a) 
ݒଶଶ(݊) = ܾܽݔ(݊ − 1) + 2ܾݒଵଶ(݊ − 1) − ܾݕଵ(݊ − 1) − 
ܾ(1 + ܽ)ݕଶ(݊ − 1) + ݒଶଶ(݊ − 1) 
 
(9.b) 
ݒଷଶ(݊) = ܾܿݒଵଶ(݊ − 1) + 2ܿݒଶଶ(݊ − 1) − ܿݕଵ(݊ − 1) −  
ܿ(1 + ܾ)ݕଶ(݊ − 1) + ݒଷଶ(݊ − 1) (9.c) 
 
The 3rd-order DTTI ΔΣ modulator which is shown in Figure 2 
is derived directly from the time domain equation set (6) and 
(9).    
     The motive behind sharing integrators is to eliminate the 
instability that can arise from the DC offset mismatch of the 
two individual integrator set based two channel interleaving 
case. The DTTI ΔΣ modulators need an input demultiplexer 
which samples the input signal at the highest clock frequency 
of the DTTI ΔΣ modulator and distributes it between channels. 
This fast demultiplexer is a limiting factor for the performance 
of the DTTI ΔΣ modulators. This architecture does not need 
an input demultiplexer and the input signal is shared between 
channels [3],[5]. Removing the input demultiplexer has no 
effect on the NTF of the DTTI ΔΣ modulator but it causes 
some notches in its Signal Transfer Function (STF)  at the 
following frequencies clkF5.0 , clkF5.1 , clkF5.2 , clkF5.3 , … 
which is shown in Figure 5 where clkF  is the clock frequency 
of  the DTTI ΔΣ modulator [5].  
  
B. DELAYLESS FEEDBACK PATH PROBLEM IN TI ΔΣ MODULATORS 
 
     This is the issue that forms the focus of this paper which 
makes implementation of Time Interleaved (TI) ΔΣ 
modulators with shared integrators impractical and it is called 
the “delayless feedback path problem” that comes from 
equation (6.c) in which ݒଷଵ(݊) (the input of quantizer Q1) is 
directly linked to	ݕଶ(݊). This means that the output of the 
second quantizer (Q2) is connected to the input of another 
quantizer (Q1) without any delay [7]. One method to eliminate 
the delayless path is to move this feedback to the digital 
domain instead of performing it in the analog domain [5]. The 
disadvantage of this method is that the first quantizer (Q1) 
requires more comparators than the number of the comparators 
in the second quantizer (Q2) [7]. The second method is to use 
a sample-and-hold in front of the first quantizer (Q1) and 
quantizing the signal when the output of DAC2 is ready [3]. 
This method needs a complicated timing generator, a sample-
and-hold and also faster integrators. The third method which is 
our proposed method is based on substituting ݒଷଶ(݊) for ݕଶ(݊) 
in equation (6.c). This method increases the quantization noise 
of the quantizer Q2 at the output	ݕ(݊). To better understand 
how this works we shall perform a step by step 

























Figure 3: The proposed 3rd-order DTTI ΔΣ modulator with shared integrators and without delayless feedback path. 
 
mathematical analysis of what happens. Quantizer Q1 and Q2 
quantize the signal ݒଷଵ(݊) and ݒଷଶ(݊) as follows: 
 
ݕଵ(݊) = ܳ[ݒଷଵ(݊)] = ݒଷଵ(݊) + ݁ଵ(݊) (10) 
ݕଶ(݊) = ܳ[ݒଷଶ(݊)] = ݒଷଶ(݊) + ݁ଶ(݊) (11) 
 
Where ݁ଵ(݊) and ݁ଶ(݊) represent the quantization noise of the 
quantizer Q1 and Q2 respectively. Equation (12) is derived by 
substituting (6.c) into (10): 
 
ݕଵ(݊) = ܿݒଶଶ(݊) − ܿݕଶ(݊) + ݒଷଶ(݊) + ݁ଵ(݊) (12) 
 
Equation (13) is given by substituting ݒଷଶ(݊) for ݕଶ(݊) into 
equation (12). The output of Q1 is called ݕଵ∗(݊) in (13): 
 
ݕଵ∗(݊) = ܿݒଶଶ(݊) − (ܿ − 1)ݒଷଶ(݊) + ݁ଵ(݊) 
 
(13) 
ݕଵ∗(݊) approximates	ݕଵ(݊) in the DTTI ΔΣ modulator. The error 
which is induced by this method is presented by equation (14). 
This error does not cause instability in the modulator but 
increases quantization noise of quantizer Q2 at the output 
ݕ(݊) followed by degrading the SNR of the modulator. 
 
݁ݎݎ݋ݎ = ݕଵ∗(݊) − ݕଵ(݊) = ܿݕଶ(݊)−ܿݒଷଶ(݊) = ܿ݁ଶ(݊) (14) 
 
The resulting 3rd-order DTTI ΔΣ modulator is shown in  
Figure 3. The Signal Transfer Function (STF) and Noise 
Transfer Function (NTF) can be obtained by determining the 
loop filters of the modulator. In this design, the DTTI ΔΣ 
modulator has six loop filters (ܨܨଵ(ݖ), ܨܨଶ(ݖ), ܪଵ(ݖ),	 
ܪଶ(ݖ), ܪଷ(ݖ)	and ܪସ(ݖ)) and can be determined with the help of 
the symbolic toolbox of MATLAB. These loop filters for the 
DTTI ΔΣ modulator are as depicted in Figure 4. The STF and 
NTFs can be formulated by performing the following 
algebraic analysis: 
 
ܻ(ݖ) = ଵܻ∗(ݖଶ)ݖିଵ + ଶܻ(ݖଶ) (15) 
ܻ(ݖ) = ܵܶܨ(ݖ)ܺ(ݖ) + ܰܶܨଵ(ݖ)ܧଵ(ݖ) + ܰܶܨଶ(ݖ)ܧଶ(ݖ) (16) 
ܰܶܨଵ(ݖ) =
ܪଷ(ݖଶ) + [1 − ܪସ(ݖଶ)]ݖିଵ
[1 − ܪଵ(ݖଶ)][1 − ܪସ(ݖଶ)] − ܪଶ(ݖଶ)ܪଷ(ݖଶ) 
(17) 
ܰܶܨଶ(ݖ) =
[1 − ܪଵ(ݖଶ)] + ܪଶ(ݖଶ)ݖିଵ
[1 − ܪଵ(ݖଶ)][1 − ܪସ(ݖଶ)] − ܪଶ(ݖଶ)ܪଷ(ݖଶ) 
(18) 
ܵܶܨ(ݖ) = ܰܶܨଵ(ݖ)ܨܨଵ(ݖଶ) + ܰܶܨଶ(ݖ)ܨܨଶ(ݖଶ) (19) 
Where ܵܶܨ(ݖ), ܰܶܨଵ(ݖ)	and ܰܶܨଶ(ݖ) represent the signal 
transfer function from	ݔ(݊) to	ݕ(݊), the noise transfer function 
from ݁ଵ(݊) to ݕ(݊) and the noise transfer function from ݁ଶ(݊) 
to ݕ(݊) respectively. The ݖଶ terms show the effect of the up-


















Figure 4: The block diagram of a DTTI ΔΣ modulator. 
 
     The conventional ΔΣ modulator is designed through the use 
of the delta-sigma toolbox from MATLAB to operate at 
160MHz clock frequency and OSR of 16. The modulator 
coefficients are	ሼܽ, ܾ, ܿሽ = ሼ0.333,1,3ሽ. The STF and NTFs of 
the DTTI ΔΣ modulator are given by (20), (21) and (22). 
 
ܵܶܨ(ݖ) = ݖିଷ(1 + ݖିଵ) (20) 
ܰܶܨଵ(ݖ) = ݖିଵ(1 − ݖିଵ)ଷ (21) 
ܰܶܨଶ(ݖ) = (1 + ݖିଵ)(1 − ݖିଵ)ଷ (22) 
 
     Figure 5 compares the STFs of the DT and the DTTI ΔΣ 
modulator. STF of DT ΔΣ modulator is flat but STF of DTTI 
ΔΣ modulator has a notch at half sampling frequency resulting 
from (1 + ݖିଵ) term in (20). Figure 6 shows the NTFs of the 
DT and the DTTI ΔΣ modulator. NTFs of the DTTI ΔΣ 
modulator shape the quantization noise more than the NTF of 
the DT ΔΣ modulator, however, ܰܶܨଶ(ݖ) shapes noise less 
than ܰܶܨଵ(ݖ) as a result of approximating ݕଵ(݊) in (13).  
 
III. SIMULATION RESULTS 
 
     The DT and the DTTI ΔΣ modulator have been simulated 
using the SIMULINK toolbox of MATLAB and all non-
idealities such as finite dc gain, slew-rate and bandwidth of the 
opamps, the DAC mismatches and offsets of the quantizers 
have been modelled and their effects on the performance of 
the modulator have been investigated. The quantizers of the 
25th Iranian Conference on Electrical Engineering (ICEE2017) 
 
 
DT and the DTTI ΔΣ modulator have 4bits of resolution in 
this design. The output spectra of the DT and the DTTI ΔΣ 
modulator for a 2.4462MHz input and clock frequencies of 
160MHz and 320MHz respectively are plotted in Figure 7. 
The output spectra of the DTTI ΔΣ modulator is shaped more 
than the conventional DT ΔΣ modulator. The SNDRs of the 
conventional DT and the DTTI ΔΣ modulator are 64.5dB and 
76.5dB respectively. Therefore in this particular case, the 
SNDRs of the DTTI ΔΣ modulators is improved by 11dB.  
 
 
Figure 5: The STFs of the DT and the DTTI ΔΣ modulator. 
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Figure 6: The NTFs of the DT and the DTTI ΔΣ modulator. 
 
 
 IV. CONCLUSION 
 
     In this paper a 3rd–order DTTI  ΔΣ modulator with shared 
integrators between two-path and an OSR of 16 has been 
designed and simulated in the SIMULINK environment of 
MATLAB to operate at a sampling rate of 320MHz.. All 
practical non-idealities have been modelled and investigated. 
To resolve the delayless feedback path issue resulting from 
sharing integrators between paths, an approximation method 
has been proposed. The maximum SNDR obtained from the 
DTTI ΔΣ modulator is 76.5dB which shows an 11dB 
improvement in comparison with the standard single-loop 




Figure 7: The output spectra of the DT and the DTTI ΔΣ modulator for a 
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Abstract, this paper presents a generalised new formula 
for impulse-invariant transformation which can be used to 
convert an nth-order Discrete-Time (DT)  modulator to an 
nth-order equivalent Continuous-Time (CT)  modulator. 
Impulse-invariant transformation formulas have been 
published in many open literature articles for s-domain to z-
domain conversion and vice-versa. However, some of the 
published works contain omissions and oversights. To verify 
the newly derived formulas, very many designs of varying 
orders have been tested and a representative 4th-order single-
loop DT  modulator converted to an equivalent CT  
modulator through the new formulas are presented in this 
paper. The simulation results confirm that the CT  
modulator which has been derived by these formulas works in 
accordance with the initial DT specifications without any 
noticeable degradation in performance in comparison to its 
original DT  modulator prototype. 
 
Index Terms — Impulse-Invariant Transformation, Delta-




      The  modulators are widely used in audio 
applications and portable devices to achieve high resolution 
analog-to-digital conversion for relatively low-bandwidth 
signals by using the oversampling and the noise-shaping 
techniques. CT  modulators have drawn a lot of 
attention from analog designers over the last decade due to 
their potential to operate at higher clock frequencies in 
comparison to their DT counterparts. Sampling 
requirements are relaxed in the CT  modulators because 
the sampling is inside their loop and any sampling error is 
shaped by their Noise-Transfer Function (NTF). The CT 
 modulators have an implicit anti-aliasing filter in their 
forward loop filter. However, CT  modulators suffer 
from several drawbacks: excess loop delay, jitter sensitivity 
and RC time constant variations.  
     One way to convert a DT  modulator to an equivalent 
CT  modulator is through the use of the impulse-
invariant transformation [1]-[6]. A DT  modulator and a 
CT  modulator are shown in Figure 1, and are said to be 
equivalent when their quantizer inputs are equal at the 
sampling instants. 
   |	
 for all n (1) 
 














Figure 1: The block diagrams of a) The DT  modulator and b) The CT 
 modulator. 
 
CT  modulators and is the clock period of the  
modulators. This condition would be fulfilled if the 
impulse responses of the open-loop filter of the CT and DT 
 modulators were equal at the sampling times. As a 





Because   , equation (2) can be simplified to 





The transformation in (3) is the well-known impulse-
invariant transformation where , , ,  and  represent the inverse z-transform, the inverse Laplace 
transform, the CT DAC transfer function, the DT and the 
CT loop filters respectively [1],[4]. Depending on the 
output waveform of the CT DAC, there would be an exact 
mapping between the DT and the CT  modulators. The 
popular feedback-DAC waveforms have rectangular 
shapes. The time and frequency (Laplace) domain 
responses of these waveforms are: 
 !"#$  % # & '  ' (# ) ' &# ( '  )# *+,!-.,  (4) 
 
  ,"/ 0 ,$/  (5) 
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     In the cases where ( 1   the DAC equation is divided 
into two parts as expressed by (6) and the z-domain 
equivalents of each part is calculated separately.  
 !"#$  !"# 2 !3#$ 0  (6) 
 
     This paper is organized as follows. To set the scene, in 
section II, the concept of the impulse-invariant 
transformation is reviewed and a general formula for s-
domain to z-domain conversion for  modulator 
applications is derived. In section III, simulation results of 
the 4th-order CT and DT  modulators are both presented 
and discussed in detail. Finally, conclusions are given in 
section IV. 
 
II. IMPULSE-INVARIANT TRANSFORMATION 
 
     In order to derive the equivalent z-domain transfer 
function of CT  modulators with rectangular DAC 
waveforms, we shall start with the 1st order s-domain term. 
Equation (7) is derived by substituting (5) and the 1st order 
s-domain term into (3) as follows.  
 
   4,"/ 0 ,$/5 67	
 (7) 
 
An auxiliary variable λ is deployed to derive a general 
formula step by step. Equation (8) is equal to (7) when 
λ  ) [7], [8]: 







By using the Laplace transform properties, (8) leads to (9) 
where 9 represents a step function [7]. 




The continuous time variable  in (9) is replaced with in 
(10).  





The z-transform of (10) is expressed by (11) which results 
in (12) [7], [8]. 
 




   ? 0 &,"λ 0  0 (,$λ 0 ,λ





It can be proved that (12) can be obtained by calculating 
the 1st derivative with respect to the variable λ of equation 
(13). 
 
  AAλ4,"λ 0 ,$λ 0 ,λ 6  (13) 
 
By substituting λ  ) into (12) the z-domain equivalent of 
the 1st order s-domain term is expressed by (14). 
 
   B( 0 & 0  C (14) 
 
     The z-domain equivalent of the 2nd order s-domain term 
is derived by repeating all steps in the process mentioned 
above as follows. 
 
5   4,"/ 0 ,$/D 67	
 (15) 
 





5   ?,λ	,"λ	E  0 &59 0 &







The z-transform of (17) is given by (18) which leads to 
(19) [7], [8]. 
 








5  5E ? 0 &5,"λ 0  0 (5,$λ 0 ,λ
2 F 0 E&,5"λ 0 F 0 E(,5$λ 0 ,λ5
2 E,D"λ 0 E,D$λ 0 ,λD @ 
(19) 
 
The 2nd derivative of equation (20) with respect to the 
variable  is equal to (19). 
 
5   E A5Aλ5 4,
"λ 0 ,$λ 0 ,λ 6  (20) 
 
Substituting λ  ) into (19) gives (21) which is the             
z-domain equivalent of the 2nd order s-domain term. 
 
5  5 G(( 0 H 0 && 0 HI 2 (5 0 &5E 0  5  (21) 
 
        Finally, the above-mentioned process is performed all 
over again for the 3rd and 4th order s-domain terms which 
are listed in Table I. To obtain the kth order s-domain term, 
the impulse-invariant transformation is written in (22).   
 
 J   KLMNOPLMQOP/RST UV	
 (22) 
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Table I: The CT-to-DT transformation for rectangular DAC waveforms.  
s-domain z-domain equivalent for a rectangular DAC waveform 
Proposed Formulas Formulas in [4]   G90& 0 90(I 2 G9 0 & 0 9 0 (I    
 
W3 0   W3  ( 0 & 
W3 0   W3  ( 0 &  55 
 
W 2 W3 0  5 W3   E (5 0 &5 W   E (E 0 ( 0 &E 0 & 
W 2 W3 0  5 W3   E (5 0 &5 W   E ( 0 ( 0 & 0 &  DD 
 
W55 2 W 2 W3 0  D  W3   X (D 0 &D W  0  F (D 0 &D 2  E (5 0 &5 2  E ( 0 & W5  2  X (D 0 &D 0  E (5 0 &5 2  E ( 0 & 
W55 2 W 2 W3 0  D  W3   X (D 0 &D W  0  F (D 0 &D 2  E (5 0 &5 2  E ( 0 & W5  0  X (D 0 &D 0  E (5 0 &5 2  E ( 0 &  YY 
 
WDD 2 W55 2 W 2 W3 0  D  W3   EZ (Y 0 &Y W  0  [ (Y 0 &Y 2  X (D 0 &D 2  Z (5 0 &5 2  X ( 0 & W5  2  [ (Y 0 &Y 0  F (D 0 &D 2 EF ( 0 & WD  0  EZ (Y 0 &Y 2  X (D 0 &D 0  Z (5 0 &5 2  X ( 0 & 
WDD 2 W55 2 W 2 W3 0  D  W3   EZ (Y 0 &Y W  0  [ (Y 0 &Y 2  X (D 0 &D 2  Z (5 0 &5 2  X ( 0 & W5  2  [ (Y 0 &Y 0  F (D 0 &D 2 EF ( 0 & WD  0  EZ (Y 0 &Y 2  X (D 0 &D 0  Z (5 0 &5 2  X ( 0 &  JJ 
 
 J\] AJAλJ 4,





By utilizing the Laplace transform properties, (22) leads to 
(23) [9]. 
5   ?,λ	,"λ	\]  0 &J9 0 &






The z-domain equivalent for the kth order s-domain 
function is expressed by (24) where \ represents the order 
of the s-domain term. 
J  ^  \] AJAλJ 4,







     The z-domain equivalent for the 1st to 4th and the 
general kth order s-domain terms for a rectangular DAC 
waveform are presented in Table I.    
     One popular method to compensate the excess loop 
delay in CT  modulators is to deploy negative feedback 
from the output of the DACs to the input of their quantizers 
as shown in Figure 2.b [1].  
     The z-domain equivalent of this feedback     is 
developed and given by (26) as follows. 
 
3   ? 4,"/ 0 ,$/ 67	
@ 








 3  90& 0 90( 2 9 0 & 0 9 0 (      (26)                                                          
     One popular rectangular DAC waveform is the Non-
Return-to-Zero (NRZ) one. The z-domain equivalent of the 
NRZ DAC with &  a and (   2 a is calculated from 
(26) and is given by (27). 
 3   (27) 
 
     The newly derived z-domain equivalent formulas can be 
compared with the formulas in [4] which both are 
illustrated in Table I. The results of this comparison 
indicate that W in 2nd-order term and W5 in 3rd-order term 
are entirely different. The comparison can be done between 
the newly mentioned formulas and the ones presented in 
[1] which show W in 3rd-order term are not the same. What 
is surprising is that even z-domain equivalent formulas in 
[1] and [4] are not identical and W in 2nd-order term and W 
and W5 in 3rd-order term are completely different. 
 
III. SIMULATION RESULTS 
 
     To validate the newly derived formulas presented in 
Table I, a 4th-order DT  modulator with an 
OverSampling Ratio (OSR) of 64 and 3-bit quantizer has 
been designed by using the Schreier toolbox and was then 
converted to its 4th-order CT  modulator equivalent with 
a NonReturn-to-Zero (NRZ) DAC waveform by using DT-
to-CT formulas described in Table I. The block diagrams of 
the 4th-order DT and CT  modulator are shown in Figure 
2. An extra feedback of 0cf is used to compensate the effect 
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of excess loop delay in the CT  modulator. The 
coefficients of the DT  modulator are given in (36). 
 b# c# d#   )e fH[#)eZF[Z#)e[fXH#Ee) (36) 
 
     By using Table I the coefficients of the equivalent 4th-
order CT  modulator with NRZ DAC and &# ( )eE# eE shown in Figure 2.b have been derived and 
presented in (37). 
      gY# gD# g5# g# g3   eX [H# eEEXX#)eh[HE#)e F[E#)eF (37) 
 
     Both modulators have been simulated by using the 
Mathworks SIMULINK environment and a sinusoidal 
input signal with amplitude of 0.7V and a frequency of         
61.34 KHz is applied to both modulators in the simulation. 
The simulation results show that the SNR of the DT and 
CT  modulators are about 130.37dB and 130.21dB 
respectively with a clock frequency of 80MHz and signal 
bandwidth of 625 KHz. The output spectra of the DT and 
CT  modulators and their respective in-band noise are 













































Figure 2: a) The block diagram of the fourth-order DT  modulator and 





     In this paper a general and novel formula for impulse 
invariant transformation is presented. The CT-to-DT 
conversion formulas for the 1st to 4th order terms are 
derived and listed in Table I. The 4th-order DT  
modulator and its 4th-orde CT modulator equivalent which 
is derived by these formulas both were simulated by using 
MATLAB. Similar simulation results for both modulators 
support the validity of the proposed formulas derived and 



















Figure 3: The output spectra of the fourth-order DT and CT  
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Abstract—this paper presents a 3rd-order two-path 
Continuous-Time Time-Interleaved (CTTI) delta-sigma 
modulator which is implemented in standard 90nm CMOS 
technology. The architecture uses a novel method to solve the 
delayless feedback path issue arising from the sharing of 
integrators between paths. The clock frequency of the 
modulator is 320MHz but integrators, quantizers and DACs 
operate at 160MHz. The modulator achieves a dynamic range 
of 12 bits over a bandwidth of 10MHz and dissipates only 
28mW of power from a 1.8-V supply.   
Keywords-time-interleaved; ΔΣ modulator; signal-to-noise 
ratio 
I. INTRODUCTION 
The rapid growth of the portable communication device 
markets such as audio systems and consumer electronics has 
led to an increasing demand for ADC designs with 
bandwidths up to 10-20MHz and medium resolutions of 10 
to 12 bits [1]. In this paper we present an ADC which has 
potential to operate at high sampling rate with medium 
resolution.   
The signal bandwidth ΔΣ   modulators can deal with is 
narrow and restricted by the OverSampling Ratio (OSR) and 
technology deployed. The maximum achievable sampling 
rate in Discrete-Time (DT) ΔΣ   modulators which are 
implemented using Switched-Capacitor (SC) techniques, is 
approximately 100-200MHz [1] but for Continuous-Time 
(CT) ΔΣ  modulators which are implemented through the use 
of active-RC or gm-c filters [2], a maximum sampling rate of 
300-400MHz is indeed feasible [3].  
By using the time-interleaving technique and M 
interconnected parallel modulators that are working 
concurrently, the effective sampling rate and the OSR 
becomes M times the clock rate and the OSR of each 
modulator respectively [4],[5],[6]. It should be noted that the 
required resolution can be acquired without increasing the 
order of the modulator or the number of bits for the quantizer 
and also without utilizing a state of the art technology.  
By using time-interleaving techniques and CT loop filters, 
a 3rd-order CTTI ΔΣ   modulator is designed. One set of 
integrators is shared between paths in order to save the 
power dissipation, silicon area and to eliminate the instability 
arising from DC offset mismatch of the two individual 
integrator sets based the two-channel interleaving case [5]. 
This paper is organized as follows. In section II, a two-
path Discrete-Time Time-Interleaved (DTTI) ΔΣ  modulator 
is derived from a 3rd-order conventional DT ΔΣ  modulator 
using the time domain equations and then it is converted to a 
CTTI ΔΣ  modulator. The delayless feedback path problem 
and our proposed solution are both discussed in detail in this 
section. In section III, MATLAB simulation results are 
presented. In section IV, circuit design of the modulator is 
discussed. Finally, conclusions are given in section V. 
Quantizer
𝑎𝑧−11 − 𝑧−1 𝑏𝑧−11 − 𝑧−1 𝑐𝑧−11 − 𝑧−1 𝑣1(𝑛) 𝑣2(𝑛) 𝑣3(𝑛) 𝑥(𝑛) 𝑦(𝑛) 
𝐷𝐴𝐶 
Figure 1. A 3rd-order conventional single-loop  DT  ΔΣ  modulator. 
II. DERIVATION OF TIME-INTERLEAVED ΔΣ  MODULATOR 
The 3rd-order two-path Discrete-Time Time-Interleaved 
(DTTI)   ΔΣ   modulator   is   derived   directly   from   the time 
domain node equations of the conventional   DT   ΔΣ  
modulator as shown in Figure 1. The general method was 
described in detail in [7]. It is assumed that the DAC in the 
feedback loop is ideal ( 1=)(zHDAC ).The time domain 
equations of the modulator are written for two consecutive 
time slots as (2n)th and (2n+1)th and by sharing only one set 
of integrators, the input demultiplexer is removed and the 
input 𝑥(𝑛) is shared between channels. Equation sets (1) and 
(2) are derived as follows: 
 
𝑣ଵଵ(𝑛) = 𝑎𝑥(𝑛)         − 𝑎𝑦ଶ(𝑛) + 𝑣ଵଶ(𝑛) (1.a) 
𝑣ଶଵ(𝑛) = 𝑏𝑣ଵଶ(𝑛) − 𝑏𝑦ଶ(𝑛) + 𝑣ଶଶ(𝑛) (1.b) 
𝑣ଷଵ(𝑛) = 𝑐𝑣ଶଶ(𝑛) − 𝑐𝑦ଶ(𝑛) + 𝑣ଷଶ(𝑛) (1.c) 
𝑦ଵ(𝑛) = 𝑄[𝑣ଷଵ(𝑛)] = 𝑄[𝑐𝑣ଶଶ(𝑛) − 𝑐𝑦ଶ(𝑛) + 𝑣ଷଶ(𝑛)] (1.d) 
 
and 
𝑣ଵଶ(𝑛) = 𝑎𝑥(𝑛 − 1)        − 𝑎𝑦ଵ(𝑛 − 1) + 𝑣ଵଵ(𝑛 − 1) (2.a) 
𝑣ଶଶ(𝑛) = 𝑏𝑣ଵଵ(𝑛 − 1) − 𝑏𝑦ଵ(𝑛 − 1) + 𝑣ଶଵ(𝑛 − 1) (2.b) 
𝑣ଷଶ(𝑛) = 𝑐𝑣ଶଵ(𝑛 − 1) − 𝑐𝑦ଵ(𝑛 − 1) + 𝑣ଷଵ(𝑛 − 1) (2.c) 
𝑦ଶ(𝑛) = 𝑄[𝑣ଷଶ(𝑛)] (2.d) 
 
where 𝑄[. ] represents the quantization function. Equation set 
(3) is derived by further substituting equation set (1) into 
equation set (2). 
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Figure 2. A 3rd-order two-path  DTTI  ΔΣ  modulator with shared integrators. 
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Figure 4. The proposed 3rd-order two-path  CTTI  ΔΣ  modulator with shared integrators. 
𝑣ଵଶ(𝑛) = 2𝑎𝑥(𝑛 − 1) − 𝑎𝑦ଵ(𝑛 − 1) − 𝑎𝑦ଶ(𝑛 − 1) + 
                                    𝑣ଵଶ(𝑛 − 1) 
 
(3.a) 
𝑣ଶଶ(𝑛) = 𝑎𝑏𝑥(𝑛 − 1) + 2𝑏𝑣ଵଶ(𝑛 − 1) − 𝑏𝑦ଵ(𝑛 − 1) − 
                                    𝑏(1 + 𝑎)𝑦ଶ(𝑛 − 1) + 𝑣ଶଶ(𝑛 − 1) 
 
(3.b) 
𝑣ଷଶ(𝑛) = 𝑏𝑐𝑣ଵଶ(𝑛 − 1) + 2𝑐𝑣ଶଶ(𝑛 − 1) − 𝑐𝑦ଵ(𝑛 − 1)
− 𝑐(1 + 𝑏)𝑦ଶ(𝑛 − 1) + 𝑣ଷଶ(𝑛 − 1) 
 
(3.c) 
The  DTTI  ΔΣ  modulator  which   is   shown   in  Figure  2   is  
derived directly from the time domain equation sets (1) and 
(3). 
A. Delayless  Feedback  Path  Issue  in  TI  ΔΣ  Modulators  
In order to save power, silicon area and to eliminate the 
instability arising from DC offset mismatch of the individual 
integrator sets in multi-path   TI   ΔΣ   modulators, one set of 
integrators is shared between paths but it causes a problem 
which is called the “delayless feedback path” problem. In 
DTTI   ΔΣ   modulator   which   is   shown   in   Figure   2   and  
expressed by equation (1.c) in which 𝑣ଷଵ(𝑛)  (the input of 
quantizer Q1) is directly linked to 𝑦ଶ(𝑛). This means that the 
output of the second quantizer (Q2) is connected to the input 
of another quantizer (Q1) without any delay [8]. The novel 
method proposed in this paper resolves this issue and is 
based on an error correction technique. We intentionally 
induce an error in the analog domain through the use of the 
output of DAC2 as shown in Figure 3. Quantizer Q1 
quantizes the signal 𝑣ଷଵ(𝑛) as follows: 
 
𝑦ଵ(𝑛) = 𝑄[𝑣ଷଵ(𝑛)] (4) 
 
Equation (5) is derived by substituting (1.c) into (4): 
 
𝑦ଵ(𝑛) = 𝑄[𝑐𝑣ଶଶ(𝑛) − 𝑐𝑦ଶ(𝑛) + 𝑣ଷଶ(𝑛)] (5) 
 
The output of DAC2 is used in (6) and equation (5) is 
rewritten as: 
 
𝑦ଵ(𝑛) = 𝑄[𝑐𝑣ଶଶ(𝑛) − 𝑐𝑦ଶ(𝑛 − 1) + 𝑣ଷଶ(𝑛)]




The output of Q1 is called 𝑦ଵ௘(𝑛) in (7):   
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𝑦ଵ(𝑛) = 𝑦ଵ௘(𝑛) + 𝑐𝑦ଶ(𝑛 − 1) − 𝑐𝑦ଶ(𝑛) (7) 
𝑒𝑟𝑟𝑜𝑟 = 𝑐∆𝑦 = 𝑐(𝑦ଶ(𝑛) − 𝑦ଶ(𝑛 − 1)) (8) 
𝑌ଵ(𝑧) = 𝑌ଵ௘(𝑧) − 𝑐(1 − 𝑧ିଵ)𝑌ଶ(𝑧) (9) 
 
As stated in (7), 𝑦ଵ௘(𝑛) (the output of Q1) requires to be 
corrected before it is applied to the input of DAC1; otherwise 
it causes instability in the modulator as it will change the 
modulators dynamics by increasing its order. A first order 
differencer block  (1 − 𝑧ିଵ) is used to perform this correction 
as described in (9). The proposed 3rd-order two-path DTTI 
ΔΣ  modulator with shared integrator is shown in Figure 3.  
B. Derivation  of  CTTI  ΔΣ  Modulator 
The CTTI ΔΣ   modulator equivalent of the DTTI ΔΣ  
modulator of Figure 3 can be obtained in three steps as 
follows: The first step is to determine the DT loop filters of 
the DTTI ΔΣ  modulator. The second step is to convert the 
DT loop filters into equivalent CT loop filters by using the 
impulse-invariant transformation [1],[4],[6]. The third step is 
to convert the modulator into a 3rd order CTTI ΔΣ  modulator 
as shown in Figure 4. Two DACs with Non-Retrun-To-Zero 
(NRZ) implementation and intentional delay of 0.25𝑇  (𝑇 =
1/160𝑀𝐻𝑧) have been used. To overcome the excess-loop 
delay issue, two additional feedback paths from the outputs 
of DAC1 and DAC2 to the inputs of each quantizer (Q1 and 
Q2) are used.  
III. MATLAB SIMULATION 
The   proposed   CTTI   ΔΣ   modulator   has   been   simulated  
using the SIMULINK toolbox of MATLAB. All 
specifications of the CTTI  ΔΣ  modulator  are as follows.  
{𝑎, 𝑏, 𝑐} = {0.27639,0.76393,2.0  } 
൛𝑓𝑐1, 𝑓𝑐3, 𝑓𝑐5, 𝑓𝑐7, 𝑓𝑐9ൟ = {1.0, 1.0, 0.9648, 0.6708, 1.3291  } 






























Conventional DT  SNR=57.50dB
DTTI                        SNR=78.48dB
CTTI                        SNR=78.54dB
Figure 5. The output spectra of the conventional DT, the DTTI and the 
CTTI  ΔΣ  modulator for a 2.4462MHz input with clock frequencies of 
160MHz, 320MHz and 320MHz respectively. 
The   output   spectrum   of   this   CTTI   ΔΣ   modulator   is  
compared   with   the   conventional   DT   and   the   DTTI   ΔΣ 
modulators in Figure 5. The output spectra of the DTTI and 
CTTI  ΔΣ  modulators  are  the  same  and  their  in-band noise are 
shaped more than the conventional  DT  ΔΣ  modulator.   The  
SNDRs of   the   conventional   DT,   the   DTTI   and   CTTI   ΔΣ  
modulators are 57.50dB, 78.47dB and 78.54dB respectively. 
Therefore in this particular case, the SNDRs of the time-
interleaved  ΔΣ  modulators  are improved by 21dB. As can be 
seen in Figure 5, non-idealities have not been included in this 
comparison.  
IV . CIRCUIT DESIGN AND SIMULATION  
The modulator circuit has been designed using the 90nm 
CMOS TSMC technology with the supply voltage of 1.8-V . 
Figure 6 shows the block diagram of the 3rd-order two-path 
CTTI ΔΣ   modulator. The operating frequency of the two 
quantizers, DACs and all other blocks except for the output 
multiplexer is 160MHz but the output multiplexer operates at 
320MHz. The OSR of the modulator is 16, allowing a 
maximum input signal bandwidth of 10MHz. The major 
circuit blocks of the modulator include three active-RC 
integrators, ten 4-bit current steering DACs, one 4-bit and 
one 5-bit flash ADC, two summation circuits, a clock 
generator, a biasing circuit, an output multiplexer and a 
digital error correction block (1 − 𝑧ିଵ). 
As can be seen in Figure 6, three active-RC integrators 
have been used and RC time constant varies up to 50% in 
CMOS technologies. A tuneable capacitor array will be used 
to tune up the RC time constant of the integrators and to 
compensate for process variations. 
One popular opamp architecture is a two-stage Miller-
compensation opamp which has been utilized for the first, 
second and third integrator and opamp4 and is shown in 
Figure 7. A PMOS input differential pair is used as the input 
stage for two reasons: First, the second pole is determined by 
the transconductance of the input transistors of the second 
stage and the NMOS transistor is faster than the PMOS one 
therefore the whole opamp will be more stable. Second, the 
input and output common mode voltage of the opamp is set 
to be 0.8V instead of VDD/2 (0.9V). The tail transistor in the 
first stage will have more VDS voltage and will not be 
pushed to triode region. The benefit of using PMOS 
transistors as input in the differential pair is low flicker noise, 
but in our wideband design, the flicker noise is of less 
concern.  
This modulator requires two ADCs. The first ADC has 
5bit resolution and 31 comparators and the second ADC has 
4bit resolution and 15 comparators. As shown in Figure 8, 
each latched comparator is composed of a single preamplifier 
stage and a latch. The preamplifier is used to amplify the 
input signal and to minimize the input capacitance of the 
comparator. The preamplifier stage isolates the latch and the 
resistor ladder; therefore it reduces the kick-back noise seen 
in reference string during switching times of the comparator. 
The latch is used to compare the two amplified input signals 
comping from the preamplifier and to provide a digital rail-
to-rail output signal.   
The whole CTTI ΔΣ  modulator has been simulated with a 
𝐹௜௡ = 1.005𝑀𝐻𝑧   input frequency, 1.6𝑉௣௣   (-2dBFS) 
amplitude and 320MHz sampling rate across process corners 
and temperatures. Due to the excessive long simulation times, 
these circuit simulation results were obtained by using only 
16384-point FFTs. Since the signal bandwidth is 10MHz, up 
to 512 frequency bins will be included in the calculation of 
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the SNDR. The circuit-level simulations have been run to 
make sure that the modulator is stable across process corners 
and temperatures. The SNDR of the modulator obtained 
from  circuit  simulations  in  TT  27’C,  FF  120’C  and  SS  -40’C  
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Figure 8. The output  spectra  of  the  CTTI  ΔΣ  modulator  for  a  1.005MHz 
input with clock frequencies of 320MHz simulated in TT corner and 27'C. 
The output spectrum obtained from the circuit simulation 
at   TT   corner   and   27’C   temperature   is   shown   in   Figure   8. 
From the output spectrum shown in Figure 8, it can be seen 
that big tones reside at around the half clock frequency 
(160MHz). Those tones are images and are created due to 
utilizing the time-interleaving technique in the modulator. 
Those tones are dangerous because they will fold the out-of-
band noise into the band of interest and hence increase the 
in-band noise floor. The image tone located at 0.5𝐹௖௟௞ − 𝐹௜௡ 
has -35.3dB amplitude and should be attenuated enough in 
the decimation filter following this modulator. 
V . CONCLUSION 
In this paper the design of a 3rd-order CTTI ΔΣ  modulator 
with one set of integrators in 90nm CMOS technology has 
been presented. A novel method to resolve the delayless 
feedback path issue has been proposed [9]. The results 
obtained from the circuit simulation confirm that the theory 
behind the proposed method works very well without any 
degradation in the output performance. 
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Abstract: this paper presents a 3rd-order two-path Continuous-Time Time-Interleaved (CTTI) delta-sigma modulator 
which is implemented in standard 90nm CMOS technology. The architecture uses a novel method to resolve the 
delayless feedback path issue arising from the sharing of integrators between paths. The clock frequency of the 
modulator is 320MHz but integrators, quantizers and DACs operate at 160MHz. The modulator achieves a dynamic 
range of 12 bits over a bandwidth of 10MHz and dissipates only 28mW of power from a 1.8-V supply.   
In order to derive the 3rd-order CTTI  modulator, the 3rd-order two-path Discrete-Time Time-Interleaved (DTTI) 
 modulator is derived directly from the time domain node equations of the conventional DT  modulator as shown 
in Figure 1. The time domain equations of the conventional DT  modulator are written for two consecutive time 
slots as (2n)th and (2n+1)th and by sharing only one set of integrators, the input demultiplexer is removed and the 
input  is shared between channels. The DTTI  modulator which is shown in Figure 2 is derived directly from 
the time domain equation sets (1). 
  	
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In order to save power, silicon area and to eliminate the instability arising from DC offset mismatch of the 
individual integrator sets in multi-path TI  modulators, one set of integrators is shared between paths but it causes a 
problem which is called the “delayless feedback path” problem. In DTTI  modulator which is shown in Figure 2 
and expressed by equation (1.d) in which  (the input of quantizer Q1) is directly linked to . This means 
that the output of the second quantizer (Q2) is connected to the input of another quantizer (Q1) without any delay. The 
novel method proposed in this paper resolves this issue and is based on an error correction technique. We intentionally 
induce an error in the analog domain through the use of the output of DAC2 which is   instead of as 
shown in Figure 3. The output of DAC2 is used in (1.e) and equation (2) is rewritten as: 
               (2) 
The output of Q1 is called  in (3): 
         (3) 
         (4) 
      
 (5) 
As stated in (3),  (the output of Q1) requires to be corrected before it is applied to the input of DAC1 otherwise 
it causes instability in the modulator; A first order differencer block  ) is used to perform this correction as 
described in (5). The proposed 3rd-order two-path DTTI  modulator with shared integrator is shown in Figure 3. 
The CTTI  modulator equivalent of the DTTI  modulator of Figure 3 can be obtained in three steps as 
follows: The first step is to determine the DT loop filters of the DTTI  modulator. The second step is to convert the 
DT loop filters into equivalent CT loop filters by using the impulse-invariant transformation. The third step is to 
convert the modulator into a 3rd order CTTI  modulator as shown in Figure 4. Two DACs with Non-Retrun-To-
Zero (NRZ) implementation and intentional delay of 	 !!  "#$% have been used. To overcome the 
excess-loop delay issue, two additional feedback paths from the outputs of DAC1 and DAC2 to the inputs of each 
quantizer (Q1 and Q2) are used. The proposed CTTI  modulator has been simulated using the SIMULINK toolbox 
of MATLAB. The output spectrum of this CTTI  modulator is compared with the conventional DT and the DTTI 
 modulators in Figure 5. The SNDRs of the conventional DT, the DTTI and CTTI  modulators are 57.50dB, 
78.47dB and 78.54dB respectively. Therefore in this particular case, the SNDRs of the time-interleaved  
modulators are improved by 21dB.  
The modulator circuit has been designed using the 90nm CMOS TSMC technology with the supply voltage of 1.8-
V.Figure 6 shows the block diagram of the 3rd-order two-path CTTI  modulator. One popular opamp architecture is 
a two-stage Miller-compensation which has been utilized for the first, second and third integrator and opamp4 and is 
shown in Figure 7. This modulator requires two ADCs. The first ADC has 5bit resolution and 31 comparators and the 
second ADC has 4bit resolution and 15 comparators. As shown in Figure 8, each latched comparator is composed of a 
single preamplifier stage and a latch. The whole CTTI  modulator has been simulated with a &'( 
 $%input frequency, #)**(-2dBFS) amplitude and 320MHz sampling rate across process corners and 
temperatures. The output spectrum obtained from the circuit simulation at TT corner and 27’C temperature is shown in 
Figure 8. The results obtained from the circuit simulation confirm that the theory behind the proposed method works 
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Figure 4. The proposed 3rd-order two-path CTTI  modulator with shared integrators. 
 
Figure 5. The output spectra of the conventional DT, the DTTI and the 
CTTI  modulator for a 2.4462MHz input with clock frequencies 
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Figure 6. Block Diagram of the 3rd-order CTTI  Modulator. 
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                       (a)                                         (b) 
Figure 7. Schematic of (a) opamp and (b) comparator of the 3rd-order 
CTTI  Modulator. 
 
Figure 8. The output spectra of the CTTI  modulator for a 
1.005MHz input with clock frequencies of 320MHz simulated in TT 
corner and 27'C. 
 
































